Abstract. A vanishing theorem is proved for Ext groups over non-commutative graded algebras. Along the way, an "infinite" version is proved of the non-commutative Auslander-Buchsbaum theorem.
Introduction
Let R be a noetherian local commutative ring, and let X be a finitely generated R-module of finite projective dimension. The classical Auslander-Buchsbaum theorem states pd X = depth R − depth X.
This can also be phrased as an Ext vanishing theorem, namely, if M is any R-module, then Ext i R (X, M) = 0 for i > depth R − depth X.
(1)
In [1] is proved a surprising variation of this: Suppose that R is complete in the m-adic topology. Then equation (1) remains true if X is any R-module of finite projective dimension, provided M is finitely generated. In other words, the condition of being finitely generated is shifted from X to M.
In theorem 2.4 below, this result will be generalized to the situation of a non-commutative noetherian N-graded connected algebra.
The route goes through an "infinite" version of the non-commutative Auslander-Buchsbaum theorem, given in theorem 1.4. This result is a substantial improvement of the original non-commutative AuslanderBuchsbaum theorem, as given in [3, thm. 3.2] , in that the condition of dealing only with finitely generated modules is dropped.
The notation of this paper is standard, and is already on record in several places such as [2] or [3] . So I will not say much, except that throughout, k is a field, and A is a noetherian N-graded connected k-algebra. However, let me give one important word of caution: Everything in sight is graded. So for instance, D(A) stands for D(Gr A), the derived category of the abelian category Gr(A) of Z-graded A-leftmodules and graded homomorphisms of degree zero.
1. Auslander-Buchsbaum
Remark 1.2. Using a minimal free resolution, it is easy to see that if the cohomology of X is bounded and finitely generated, then k.fd X = fd X = pd X, where fd stands for flat dimension and pd stands for projective dimension.
In the following lemma is used D b (A), the full subcategory of D(A) consisting of complexes with bounded cohomology, and D + (A op ), the full subcategory of D(A op ) consisting of complexes with cohomology vanishing in low degrees.
Combining equations (2), (3), and (4) shows that for inf S = ∞, the lemma's equation reads
which is true.
So for the rest of the proof, I can assume inf S < ∞, that is, S is non-zero. Note that S is in D + (A op ), so inf S > −∞, so inf S is a finite number.
Let me first do the case where S is concentrated in degree zero. Here S is just a graded A-right-module which is finite dimensional over k, and the lemma claims
To prove this, note that dim k S < ∞ gives that there is a short exact
, and tensoring with X and taking the cohomology long exact sequence gives a sequence consisting of pieces
Induction on dim k S now shows that the lowest i with 
Since fd X < ∞, the spectral sequence is first quadrant up to shift, hence converges. Now, dim k h q (S) < ∞ holds for each q, so if h q (S) is non-zero, then the special case of the lemma dealt with above applies
There are now two cases: First, if
is zero for each p. Of course this also holds for h q (S) equal to zero, and so in the spectral sequence, E pq 2 is identically zero. Therefore the limit h
But inf S is a finite number, and combining this with equations (7) and (8) says that the lemma's equation reads
which is true. Secondly, if
is zero for each p. So in the spectral sequence, E pq 2 is non-zero for p = − k.fd X and q = inf S, but zero for lower p or q. Hence E − k.fd X,inf S 2 can be used in a standard corner argument which shows that the lowest non-zero term in the limit h p+q (S L ⊗ A X) of the spectral sequence has degree
proving the lemma's equation.
Theorem 1.4 (Infinite Auslander-Buchsbaum). Assume that
A satis- fies dim k Ext i A (k, A) < ∞ for each i. Let X in D b (A) have fd X < ∞. Then depth X = depth A − k.fd X.
Proof. I have
where the second ∼ = holds because it holds if X is just a graded flat module, so also holds if X is quasi-isomorphic to a bounded complex of graded flat modules, and this is the case since X is in D b (A) and has fd X < ∞. On the other hand, suppose depth A < ∞. Then it is easy to see that it makes sense to rearrange the equation in theorem 1.4 as k.fd X = depth A − depth X.
Thus depth X = inf RHom
If the cohomology of X is bounded and finitely generated, then this equation reads pd X = depth A − depth X by remark 1.2. This is the original non-commutative Auslander-Buchsbaum theorem, as proved in [3, thm. 3.2].
Ext vanishing
Proof. As in the proof of lemma 1.3, it is easy to see that for inf T = ∞, the lemma's inequality trivially reads ∞ ≥ ∞. So for the rest of the proof I can assume inf T < ∞. Note that T is in D + (A op ), so inf T > −∞, so inf T is a finite number.
Let me first do the case where T is concentrated in degree zero. Here T is just a graded torsion module, and the lemma claims
If F is a flat resolution of X, then this amounts to
To prove this, note that as T is a graded torsion module, it is the colimit of the system T 1 ⊆ T 2 ⊆ · · · where T j = { t ∈ T | A ≥j t = 0 }. Each quotient T j /T j − 1 is annihilated by A ≥1 so has the form α k(ℓ α ), so there are short exact sequences of the form 0
Tensoring such a sequence with F gives a short exact sequence of complexes because F consists of graded flat modules. The corresponding cohomology long exact sequence consists of pieces
Induction on j now makes clear that
and this further gives
so the inequality (9) follows. Let me next do the case where T is general. There is a standard spectral sequence
Since fd X < ∞, the spectral sequence is first quadrant up to shift, hence converges. Now, each h q (T ) is a graded torsion module, so if h q (T ) is non-zero, then the special case of the lemma dealt with above
is zero for each p. So in the spectral sequence, E pq 2 is zero for p < − k.fd X or q < inf T . Therefore the limit h p+q (T L ⊗ A X) of the spectral sequence is zero for p + q < − k.fd X + inf T , and this says
proving the lemma's inequality.
Proof. Using lemma 2.1 and remark 1.5 gives ≥ and = in
In the following theorem is used D − fg (A), the full subcategory of D(A) consisting of complexes whose cohomology vanishes in high degrees and consists of finitely generated graded modules. The following is the special case of theorem 2.3 where X and M are concentrated in degree zero, that is, where X and M are graded modules. 
